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Abstract. Under some general assumptions on the given functions M and N, we
show that every continuous at a point solution f of the functional equation £(M (z,y)) =
N(z,, f(), f(y)) must be continuous everywhere.

1t is well known (see e.g. Kuczma [2]) that if f : R — R is continuous
at a least at one point and satisfies the Cauchy or Jensen functional equa-
tion then it is continuous everywhere. The aim of this note is to show that
this property remains true for a more general functional equation. The
main result reads as follows.

Theorem 1. Let (X, d) and (V, p) be metric spaces, and suppose that
the functions M : X2 — X; N : X% x V? = V satisfy the following
conditions

(1) forevery y € X, the function M(-,y) : X — X is a homeo-
morphism of X onto M(X,y);

(2) forally € X,andv €V, the function N(-,y,,v): X x V=V
is continuous.

If f: X — V is continuous at a point zp € X and satisfies the
functional equation

(1) f(M(z,y)) = N(=2,y, (=), f(¥)), @y€X,
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then f is continuous on the set M(zg, X). If, moreover,

(3) for every @ € X there exist n € NU {0} and a sequence
21,...,2n such that

2 € M(zi-1,X), i=1,...,n, and ¢ € M(zn,X),

then the function f is continuous everywhere on X .

PROOF. Let z € M(z0,X). Then there exists a point y € X such
that

@) z = M(z0,y).
Take an arbitrary sequence (z,), zn € X, n € N, such that

lim z,
n—oo

L

By assumption 1, the function M(:,y) is a2 homeromorphism of X onto
M(X,y), and z € M(X,y), so there exists ny € N such that
(a) =zn, € M(X,y) for all n > ng;
(b) for every n > no, there is z, € X such that M(z,,y) = z,;
(c) limnoyeo 20 = 2.
Now, applying in turn: (b), equation (1), the continuity of f at z, again
equation (1), and (2), we get

Jim f(@n) = Jim F(M(an,4)) = lim N(zn,v, £(zn), £2)
= N(ao, . f(z0), S0)) = F(M(z0,)) = £(2),

which proves the continuity of f at the point z. Thus, we have proved
that f is continuous at the points of M(z, X). Repeating this argument,
we get that f is continuous at the points of M (M (2, X), X), etc. Hence,
by assumption 3, f is continuous on X. This completes the proof.

Remark 1. Let (X,d) and (V,p) be metric spaces, and suppose that
the functions M : X? — X; N : X? x V2 — V satisfy the conditions of
Theorem 1. If a function f: X — V satisfying equation (1) is discontinu-
ous at a point then it is discontinuous everywhere.

Applying Theorem 1 and the uniqueness theorem on functional equa-
tions (cf. J. AczEL and J. DHOMBRES [1], p. 243, Theorem 4) we obtain
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Corollary 1. Let I C R be an interval. Suppose that M : I? — I and
N : I? x R? — R satisfy the conditions:
(1) M is continuous and internal, that is

min(z,y) < M(z,y) < max(z,y), z#y (z,y€l);

(2) for every y € I, the function M(-,y) : I — I is injective;

(3) forallyeIandveR, the function N(-,y,-,v) : I xR R
is continuous;

(4) either for all fixed z,y € I, v € R, the function N(z,y,-,v):
R — R, or, for all fixed z,y € I, u € R, the function
N(z,y,u,-) : R > R, is injective;

(5) there exists zo € I such that: either the function M (z,") :
I — I is bijective, or, for every z € I, there aren € N and a
sequence 2y, ..., z, such that

% € M(2i-1,I), i=1,...,n, and = € M(z,,]).

Further, let fi, f, : I — R be solutions of equation (1) such that each of
them is continuous at the point zy, and for some o, f € I,
file) = fala),  1(B) = f2(B)-
Then
fi(z) = fa(z), forallzel.
In the next corollary, the functions f; and f; need not be continuous at
the same point, therefore Condition 5 of Corollary 1 must be strenghtened.

Corollary 2. Let I C R be an interval. Suppose that M : I* — I and
N : I* x R? — R satisfy the Conditions 1~4 of Corollary 1, and for every
29 € I either M(z,-) : I — I is bijective, or, for every z € I, there are
n € N and a sequence 21,.. ., z, such that

% € M(2i-1,1), i=1,...,n, andz€ M(z,,1).

If fi, fa : I — R are solutions of equation (1) such that each of them is
continuous at least at one point, and for some o, 8 € I,

file) = fa(e),  F1(B) = f2(B),

then
fi(z) = faz), forallzel.
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Remark 2. The assumption of the continuity of the function f;
(i = 1,2) at a point in Corollary 2 can be replaced by its quasi-mono-
tonicity at each point of a set J \ A where J is an open subinterval of I
and A at most countable set (cf. [2], Corollary 1). Recall that a real
function f defined on an interval J is quasi-increasing at a point zo € J,
iff
lir_r:f:lgf(r) < f(=o) < liminf f(z),

[ is quasi-decreasing at a point zq € J, iff

liminf £(z) > f(z0) > limsup (z).

z—z0+
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