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The converse of a generalized Holder inequality

By JANUSZ

MATKOWSKI (Bielsko-Biala)

Abstract. Let (2,5, ) be a measure space with two sets A, B € ¥ such that
0< p(A) <1< p(B) < o, and k a fixed positive integer. Suppose that é1,... , o,
are arbitrary bijections of (0,00). The main result says that if

[ mng oy (/ o:cndlt) g (/ omm)
n 2(z1) Q(zx)

for all -integrable nonnegative step functions z;
conjugate power functions (here Q(z) = {w € 2 : =

,zx, then @1,... ¢ must be
0}.

Introduction

For a measure space (2, %, ) denote by S = S(,, ) the linear
space of all p-integrable simple functions z : & — R, and by S, =
5.(2,%,u) the set of all nonnegative z € S(Q,3, ). For an arbitrary
bijection ¢ : (0,00) — (0,00) the functional pg : S — Ry (R := [0,00))
given by

Po(z

{0’1(fmzj¢°Izldu) N> co s

0 it p(Q(z)=0"

where Q(2) = {w € Q : 2(w) # 0}, is well defined (cf. [3]).
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Note that for ¢(t) := ¢(1)t?, ¢ > 0, where p € R\ {0} is arbitrary
fixed, we have

P¢(I)=</ﬂ(r)\1‘\”du)» TESOT,),  uO)> 0.

and for p > 1 the functional ps becomes the LP-norm. Let k be a fixed
positive integer, and ¢y, ..., ¢ bijections of (0,00). Suppose that the
inequality

/ Zy . Tpdp <P, (T1) oo Doy (Th), Ty yEpE Sy
Q
holds true. We prove that if ¢y, ... , ¢ are multiplicatively conjugate, i.e.
there is a constant ¢ > 0 such that
(Do) -

and the measure space (,%,p) is not trivial, then ¢y,..., ¢ must be

power functions. The main purpose of this paper is to prove that if there
are two sets A, B € ¥ such that

) =sety <t >0,

0<p(A)<1<p(B)< oo,
then ¢y, ..., are multiplicatively conjugate power functions.

These results are the converses of a known generalized Hélder in-
equality (cf. Hardy-Littlwood-Pélya [1], p. 140, Theorem 188, also p. 21,
Theorem 10). An analogous result for k¥ = 2, under a little stronger as-
sumptions, has been proved in [6).

The relevant results for the reversed Holder inequality are also given.

1. Auxiliary results
A crucial role plays the following
Lemma 1 ([5]). Let a and b be real numbers such that
0 < min{a,b} <1<a+b.
If a function f : (0,00) — Ry satisfies the inequality
af(s)+0f(t) < flas+bt), s,t>0,
then f(t) = f(1)t, (t > 0).

Tor the reversed inequality we have the following
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Lemma 2 ([4]). Let a and b be real numbers such that
0 < min{a,b} <1< a+b.
If a function f: R4 — Ry is bounded in a neighbourhood of 0, f(0) = 0

and
flas+bt) S af(s) +bf(1), 5,20,
then f(t) = f(1)t, (> 0).

We need also the following result on a simultaneous system of two
functional equations.

Lemma 3 ([2]). Let a, b, a, § be positive real numbers and suppose
that h : (0,00) — (0,00) is continuous at least at one point and satisfies
the system of functional equations

h(at) = ah(t), h(bt) = Bh(t), 1>0.

Ifa#1 and I'—;'éJ—Z is irrational then there exists a ¢ € R such that h(t) =
h(1)t?, for all t > 0.

2. The converse of generalized Holder’s
ity for e 3 :

We start this section with the following

Theorem 1. Let (Q,%, 1) be a measure space with two disjoint sets
A, B € 3 of finite and positive measure, and k a fixed positive integer. If

S1,... 0k : (0,00) — 0,00) are bijections such that for a positive c,
(1) oTl(t) ..o dF (W) =ct,  t>0,
and

@ [omdiS ) o pa) e inS,
Q
then ¢y,... , &y are conjugate power functions, i.e. there areqy, ... ,qx € R,
G1s---,qr 2 1, such that
6i(t) = &i(1)t%, 5058 = 1 By

and
gttt =1
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Proo¥. For k = 1 we have ¢7'(t) = ¢t, t > 0, and the theorem is
obvious. A formal proof in the general case k > 2 requires quite compli-
cated notation. Since the idea of the proof in the general case is exactly
the same as in the case k = 3, we give the detailed argument for k = 3.
For the simplicity of notations we put ¢ := ¢y, ¥ := ¢y, 7 := ¢3. By x,
we denote the characteristic function of aset A. Put a := p(A), b:= u(B).
Setting in inequality (2) arbitrary @, y, z € S; of the form:

TI= DX T T2Xps YT YIXa T P2Xe, 2= 21X4 + 22X,
iy Uiy 2 >0,
and making use of the definition of py, we get the inequality
az1y121 + by ze
< 67" (ad() +bp(2)) ¢ (av(m) + 0¥(v2) 7" (a7(w1) + b7(1:))

for all z;, y;, 2z; > 0. Replacing here z;, y;, and z;, respectively by ¢~ (z;),
¥ Hy;), and ¢~1(z;), i = 1, 2, we obtain

ag™ (@)™ ()77 (1) + 67 (22) 0 (32)7 M (22)
< 7 (azy + bxa)y ™ (ays + bya)y ™ (a2 + bzs)

for all @y, 23, 21, Y1, ¥2, 22 > 0. Similarly, setting in (2)

(3)

Z1Xa» Y= Y1Xas Z21Xas o1, 41, 21 >0,

we obtain
a¢™ (20U ()77 (;1) < 67 (a1 )$ 7 (agn )y (az),
z1, 91, 21 > 0.

From (1) we have

ik 2, e ct
@ S = S 10
Hence, taking z; := y;, we get
-1 -1
¢ (ay) _ ¢7'(az) RS0

7 y1) T ¢7M(e)’
This implies that the function ¢ — % is constant in (0,00) and,
consequently, we have

c o7 (z1)
7@ ly) 67 (wm)

()

y o 2L, yu >0,
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In the same way we show that

o7 (b7 z) _ 67 (22)

616 y) 7 (w)’

From (3) and (4) we obtain

T, ya > 0.

(6)

87 (e1) 87! (z2 67 (azy +bay)
- + by < (ay + by (@i by
niy oGy < o+ SR
Replacing here a1, 22, y1, y» tesp. by a=1zy, b=1as, a=lyy, b1y, we get
¢~ a lay) ~1(b=1z,) ¢ (21 + 23)
<m+ 1
Ty TRy, S TG Ty,
Now from (5) and (6) we obtain the inequality
7 ( 1) G (21 + 22)
+ Smtn) Tt
) y' ) T ‘(/ ) =l y2) 67 (y +y2)

valid for all zq, 23, y1, y2 > 0. Setting
F(t):=97 0y (@), t>0,
and making again use of (4) we can write this inequality in the form
67 (@) F(yn) + 67 (22) F(y2) < 67" (21 + 22)F(y1 +32),
T1, T2, Y1, Y2 > 0.

Now we can prove that ¢ and F are homeomorphisms in (0,00). In view
of (1) it is sufficient to show that either ¢=1 or F' is increasing in (0, 00).
Suppose for instance that F is not increasing in (0,00). Thus F(y;) >
F(y1 + y2) for some positive y;, y, and the last inequality implies that
671 (z1) < ¢ (21 + 22) for all @y, @y > 0, i.e. that ¢~ is increasing in

(0, 00).
From (7), by induction, we obtain
671 (21) 671 (zn) ¢ e +...+z,)
L Dy ) ALt et Tl
) Y 51y < (0 o

for all positive zy,...,%n; Y1,...,¥n and n € N. Setting in this inequality

L1 =...=Tp =8 Y =.. Yn i=t, we get

“i(nt) _ 671 (ns)
PO PEION

s,t>0; neN.
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¢~ (nt)

It follows that for every n € N the function t — ERI0]

,t> 0, is constant.
Hence for every n € N there is a, > 0 such that

o7 (nt) = ang7i(1), >0

Taking n = 2 and n = 3 we see that h := ¢! satisfies the system of
functional equations

h(2t) = ah(t),  h(31)= Bh(D),  1>0,
where a := a3, § := a3. Since h is continuous and log 3/ log 2 is irrational,
Lemma 3 implies that there is a g1 € R such that A(t) = h(1)t}/%, ¢ > 0,
iies
W) =4ty = o7V, t>0.
By the monotonicity of ¢~! we have ¢; > 0.
In the same way one can show that ¢7'(t) = ¢;'(1)t}/% (¢ > 0) for
some ¢; > 0,and i = 2,... ,k. By (1) we have
P
and consequently, ¢; > 1, i =1,... ,k. This completes the proof. u]

Remark 1. Note that carrying out the argument for arbitrary k € N,
k > 3, we can define the function F as follows

F(t) = ¢71(2) .- S5 (t), t>0.
Similarly, applying Lemma 2, we can prove

Theorem 2. Let (2,3, 1) be a measure space with two disjoint sets of
finite and positive measure. If ¢y, ... ¢ : (0,00) — (0, 00) are bijections
such that for some positive c:

o) () =ty 1>0,
and
Po,(21) .- Poy (2k) < / zy-..ozkdp,  T,... Tk € S,
o
then ¢y,... ¢y are conjugate power functions i.e. there are q1,...,qx €
R\ {0} such that
S SBANE  H e Ty

and
gl gpli= L
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3. The main theorem

The main goal of this paper is to prove the following

Theorem 3. Suppose that (2, X, u) is a measure space with two sets
A, B € ¥ such that

0< pu(A) <1< p(B)< oo

If ¢1,...,0k : (0,00) — (0,00) are arbitrary bijections such that

/n:c; T s ) ke Pal ) s eh € B
then ¢1,... , ¢y are conjugate power functions i.e. there are qy,... ,qx € R,
@ ,qx > 1, such that

&i(t) = &i(1)t7, t>0;i=1,....k
and
= -1
g +...4+g =1
ProoOF. Define f: (0,00) — (0,00) by
F&) =47 e @) LT @), e,

and put a := p(A) and b := (B \ A). Setting in the assumed inequality
;1= $iX4 + iXpya € S4 (i=1,... k), we obtain,

agt (s1)977 (s2) -~ 87 (s1) + 067 (1) (t2) - - 6 ()

< o7 (asy +btr)gr (asy + bta) - ... o5 (ask + btx)

for all positive sy,...,8k; t1,... k. Takinghere s; = s, = ... =53 := 5;

h=th=..=t

af(s)+bf(t) < flas+bt), s, >0
Since 0 < @ < 1 < a+ b it follows by Lemma 1 that f(t) = f(1)t,
(£ > 0). Thus, by the definition of f, the functions ¢;, i = 1,... ,k, are

multiplicatively conjugate and our result is a consequence of Theorem 1.
o

Remark 2. In Theorem 3 (as well as in Theorem 1), if k& > 2 then
¢ >1foralli=1,...,k. If k =1 then ¢ = 1, and the basic Hélder
inequality (2) becomes an equality.
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Remark 3. Theorem 3 generalizes the main result of a paper [6] where
the case k = 2 is considered, and the functions ¢;, ¢, are assumed to be
bijections of R4 = [0, 00).

Remark 4. If we assume that ¢ : Ry — R, and
9(0) =0,

then the definition of the functional py : Sy — Ry simplifies to the
following formula

po(z) = ¢! (/rﬁoza’u), z€S; .
Q
Using this remark, and applying Lemma 2 and Theorem 2, we can
prove

Theorem 4. Suppose that (Q, X, 1) is a measure space with two sets
A, B € ¥ such that 0 < p(A) < 1< p(B) < co. If ¢; : Ry — Ry are
bijections such that ¢;(0) = 0, ¢ = 1,...,k, the function f: Ry — Ry
given by the formula
fO) =671 M) .- 510, 120,

is bounded in a neighbourhood of 0 and
Py, (1) .. P, (21) < /Q-Tl s Tedp, T1,..., Tk € Sy,
then ¢1,. .., ¢ are conjugate power functions, i.e. there are qi,... ,qx €
R\ {0}, such that
&i(t) = di(1)t™, 120, i=1,....k
and

o i = 12

Remark 5. In Theorem 4 (and Theorem 2), if & > 2 then at least
one of the numbers ¢;, i = 1,... ,k, is negative, and the relevant power
function ¢; is decreasing in (0,00). If ¥ = 1 then ¢; = 1, and the assumed
reversed Holder inequality becomes an equality.
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