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1. Introduction

Let I be an interval of R, (X, ||) a real normed space, C' a closed subset
of X, (Y,|-|) areal Banach space and h : I x C — Y a given function.
Denote by X/ the set of all functions f : I — X and by H : X! — v/
the (Nemytskii or superposition) composition operator generated by the
function h defined by

H(f)() = h(, f())-

In this paper, we prove that if H maps some subsets of the space RV, (I, C)
of functions of bounded ¢ -variation in the sense of Riesz into space RV (1,Y),
and is uniformly continuous. then h. the generator function of the operator
H, is an affine function of the second variable.

This generalizes the results of Chistyakov [3], and Merentes [12], where
it is assumed that H is Lipschizian. The uniformly continuous composition
operators were first considered in [7] for the space of differentiable functions
and absolutely continuous functions, later in [8] for the space of Holder
function. and in [9] for the space of bounded variation functions.
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2. Auxiliary results

By F we denote the family of all continuous convex functions ¢ : [0, +o¢) —
[0, +00) such that
©(0)=0, (t)>0 for t>0; lim £t = +00.
i— t
Obviously, every ¢ € F is strictly increasing.

In the sequel ¢ € F is fixed.

Let I = [a,b] C R be an interval. By P(I) we denote the family of all
partitions 7 of the interval I; ie. 7 € P(I) if and only if, 7 = (r)/_, for
some m € N, and

@ =79 <o im = b,

For f € X! and 7 € P(I) we put

RV Zw(”“‘) = f(r,_n\) o

Ti = Tie
= i = Timl

and we define

RV,(f) = sup {RV,,(/. ):re 1:(1)}

that is called the Riesz p-variation of £ in I.
If RV, (f) < o0, we say that f has a bounded Riesz ¢ vaiation on I.
The set

RV(f) = {f e X' s RV,(f) < +0}

is convex (cf. [2]) if ¢ is convex. but, in general, it is not a linear space. It
is known (cf. [3]) that

RV,(IX) = {; eX': >0 RV,(\f) < +:>c}
is a linear space if and only if ¢ satisfies the Ao condition, i.e. there exists
a constant pg > 0 and C > 0 such that ¢(2p) < Cp(p) for all p > po and
also it is a normed space with the norm
[IFlle = f (@] +Py(f),  fe€RVL(I,X),

where

po(f) =inf {e>0: R\g(f) <1}

Moreover, if (X. E \) is a Banach space, then so is (R\/;(I.X]. I H,»)-
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Remark 1. If f € RV,(I, X), then f is continuous in I. It is a conse-
quence of Lemma 2.1 (d) in Chistyakov [3].

We will need the following property of p.

Lemma 1 (cf. Chistyakov, [4], Lemma 3.4). Let ¢ € F and f €
RVZ(,X).

Ifr >0, then V,(f/r) < 1 if and only if py(f) < .

3. Main result
For a set C C X we put
RV,(I,C) = {f € RV,(1,X): f()cC}.

By A(X,Y) denote the space of all additive mappings 4 : X — Y, and
by £(X.Y') denote the space of all linear mappings from X into Y.
The main result reads as follows.

Theorem 1. Let I = [a,b] and . € F. Suppose that (X. |-|) is a
linear real normed space, (Y, |- |) is a real Banach space, C C X is a closed
and convea set, and h: IxC — Y is a function. If the composition operator
H given by

H(f)(t):==h(t, f(t)), tel, feX
maps the set RV,,(I, C) into RVy(I,Y) and H is uniformly continuous, then
there are the functions A: T — A(X.Y) and B € RVy(I.Y) such that

h(t,x) = A(t)z + B(t), tel, z€C.
Moreover, if 0 € C and Int(C) # 0, then A : I — L(X.Y) and B €
RVy(LY).

Proof. For every x € C, the constant function I 3 ¢ — 2 belongs to
RV,,(I,C). Since the Nemytskii operator H maps the space RV, (I, C) into
RV4(I,Y), it follows that for every @ € C the function h(-.z) belongs to
RV,(LY).

The uniform continuity of H on RV,,(I.C) implies that

|H(f) = H(f)llo S w(Ifi = folly) for fi. fo € RV(I.C).

where w: R is the modulus continuity of H. i.e.
wlp) = sup { | H(F) - H(f2)llo: Ifi = Pl S pi f1. f2 € RVL(1.C)}
for p>0.
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By the definition of the norm || - ||, we obtain
pu(H(f1) — H(f2) < |H(f) - H(f2)lw for fi, f2 € RV,(I,C).
Hence, in view of Lemma 1,
= H(f>)
I (—
Y\w(lfi = £ll,)

Therefore, by the definitions of RVy,(:) and H, for any fi, f2 € RV,(I,C)
and o, B € I, a < 3, we get

(\h(ﬁfu(ﬁ)—h(ﬁfv 8) - afx(a)+hafz(a)\)<

) <1 w(lfi- foll) >0

(1fi = £1)(B =) =B-a’
whence, by taking the inverse function ¥'~! from both sides, we obtain

(1) |h(B, £1(8) = h(B, £2(8)) = h(a, fi(a)) + h(e, fa(e))
<w(lfi— fDB - (1/(B=a)).
For a, 3 € [a,b], a < 3, define the function 755 : R — [0,1] by

0 if t<a
=

Na,5(t) == ﬁ_c; if a<t<B
1 if g<t

Let @1, 22 € C, 71 # 22. Note that the functions fi, f : I — X given by
ik 5

@ 50 =[O - ) +ay+aa), tel j=12

belong to RV,(I,C),

AO=n, HE=2E2 A =72 fhl) =,
and, since . 4
A - ht)= 52, tel,
we have

Ilf1 = falle =

Substituting the functions f1, f2 in (1), we obtain

@) ‘h(:i.:r,)—h(.i.rl‘:“> <11+">+h(a.mg)

< u("“ '“’)(J—a)w-"(l/(a —a).
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Since for any z € C the constant function ¢t — z (¢ € I) belongs to
RV,,(I,C) and H maps RV,(I,C) into RVy(1,Y), the function h(-,z), be-
longs to RV, (I1.Y) for any € C. Since ¢ € F, we have

lm £ = m vt (2) = 0.
= P(p) =0 T
Hence
lim (8- }(1/(8-a))=0.
B-a—0

Now taket € Jand a <t < 3, a < 8, @, 8 € I. Letting 3 — a tend to
zero in (3), and making use of the continuity of the function h(:,z) for any
x € C (cf. Remark 1), we get

@) () +h(t
{2p2) « Mz 2 M)

for all t € I and 1,22 € C.

Thus, for each ¢ € I the function h(t,-) satisfies the Jensen functional
equation in C. Hence, by the standard argument (cf. Kuczma [5]), we
conclude that there exist an additive function A(t): X — Y and B(t) € Y
such that

h(t,z) = A(t)z + B(t), tel, zeC

which finishes the proof of the first part of our result.

Since 0 € C, the constant zero function belongs to RV,(I,C). Set-
ting this function in the just proved formula and taking into account that
H maps RV,(I.C) into RVy(1,Y), we infer that H(0) = h(-,0) = B be-
longs to RVy,(1,Y). The uniform continuity of operator H : RV,(I,C) —
RV,(I.C) implies the continuity of the additive function A(t) for t € I.
Consequently, A(t) € L(X,Y) for each t € I. This completes of proof. B

Remark 2. In the proof of the theorem we apply the uniform continuity
of the operator H only on the set Z C RV,(I,C) such that f € Z if there
are o, 3 € I, @ < 8 such that

F0) = Snaalt)a = 2) + 2+ a5], el

where 77, 3 is defined by (2), 21,22 € C and 2 = 21 or = = 7.

Thus the assumption of the uniform continuity of H on RV,(I, C) in the
theorem can be replaced by a weaker condition of the uniform continuity of
HonZ.
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