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A CONVERSE OF THE HOLDER INEQUALITY THEOREM
JANUSZ MATKOWSKI
(communicated by J. Pecaric)
Abstract. Let (,,4) be a measure space such that 0 < u(4) < 1 < u(B) < = for some

A,BES and let bijections 91,2, 1. Y2 £ (0,%2) — (0,) be such thar Y20 o< Lo
(t>0). We prove that if

A{wiu v (Am L cmdﬂ) vz (/nmlmab\du)

for all nonnegative p-integrable simple functions x,y :Q — R (where (x) stands for the sup-
port of ), then then there exists a real p > 1 such that

”":;))=:». i) _ap @) o W20 _ g
o

>0,

710 BT O R 0]

where 41 = 1. A relevant result for the reversed inequality is also given.

1. Introduction

For a measure space (Q,%, 1) denote by S = S(Q,Z, 1) the real linear space
of all p-integrable simple functions x : @ — R. For two arbitrarily fixed bijections
@,y: (0,00) — (0,0) define the functional o,y : § — [0,e0) by

Py v (lowoolldn) if  u(@)>0 v
0 it u(QEx)=0
where Q(x) := {0 € Q:x() #0}.

Supposing that there are A,B € X such that 0 < (A) < 1 < p(B) < e we show
thatif the bijections @1, @2, Y1, Y : (0,e) — (0,2) are such that

Vi) SR el = ey S ©
7Y IOk
for a constant ¢ > 0, and satisfy the inequality
Lxm < Povy ()Pg,,(¥) ()

Mathematics subject classification (2000): Primary 26D15, 26A51, 39C05; Secondary 46E30.
Keywords and phrases: Holder inequality, a converse theorem, measure space, multiplicative func-
tons.
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22 JANUSZ MATKOWSKI

forall x,y €S.(Q,Z,u) := { x€S: x>0}, then there is areal p > 1 such that

20 _p 0O _p 20 g 0O g g

oi(1) vi(1) (1) v2(1)
where p~! +¢~! =1 (Theorem 1). Concerning the bijections, no regularity conditions
are assumed.

This converse of Holder’s inequality theorem generalizes the main result of [5]
where the case @) := @, ¢2 =¥, W1 := @', Y, := Yy~ (with only two unknown
e and condi-
tion () is obviously satisfied. Since @1,@, 1,5 are defined in (0,%), Theorem 1
improves the main result of [5] were @y, ¢, are defined on [0,e2) and it is assumed that
¢1(0) = ¢2(0) =0 (cf. Corollary 1).

A relevant result for the reversed inequality is also presented (Theorem 2).

The existence of two sets A,B € £ such that 0 < u(A) < 1< u(B) <« plays a
crucial role. If a measure space fails to satisfy this condition, then there are some broad
classes of non-power bijections @y,, 1,V for which the functionals Pg, y, and
Py, satisfy the inequality (H).

The suitable results for the Minkowski inequality are given in [3] and [7].

functions) was considered. Note that, in this case, Y0 — 1 =

2. Some lemmas

LEMMA 1. ([4], [6]) Let real numbers a,b such that 0 <a <1< a+b be fixed.
Then a function f : (0,e) — R such that limsup,_. f(r) < 0 satisfies the inequality

flas+bt) < af(s)+bf(1), 5,6>0,
if, and only if, (1) = f(1)t forall t >0.
Applying this lemma we obtain:

LEMMA 2. Let real numbers a,b such that 0 < a < 1< a+b be fived. If a
function F : (0,e)% — R satisfies the inequality

F(axi+bxz,ay1 +by2) <aF(x1,1) +bF(x2.32),  ¥1,%2,1,02 >0,
and the condition
lim sup F(rx,1y) <0,  xy>0,
-0+
then F is positively homogeneous, i.e.
F(x,ty) =tF(x,y),  1,%y>0.

REMARK 1. A finite dimensional counterpart of this lemma is also true (cf. [4],
Theorem 2, and [6]). Let a positive integer n > 2 real numbers a,b such that 0 <a <
1<a+b befixed. If F: (0,0)" — R satisfies the condition

lim sup F(txy,...,tx,) <0, (X1520y%n) € (0,00)",
=0+
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and the inequality
F(ax) + by, ., @y + byn) < aF (X1, ..y Xn) + bF (V1,0 ¥n)
for all X1, cces Xy Y15 ey > O, then

F(1x1,000,120) = tF (X1, .., Xn), 1Ry > 03

3. The converse of Holder’s inequality
‘The main result of this paper reads as follows.

THEOREM 1. Let (Q,Z, 1) be ameasure space such that there are two sets A,B €
I satisfying the condition

0<u(A) <1< u(B)<ee.
Suppose that @1, @2, Y1, Y2 : (0,52) — (0,e9) are bijective functions such that

vieo() o St

; ) >0, [¢3)

for a constant ¢ > 0. Then the following conditions are equivalent:
(i) the functions @1, @2y, W satisfy the inequality

o391 < Py WPpuin(0) forall xyESsi @
(ii) there is a real p > 1 such that

o) _, w0 _ iy 00

a®-" wO " D" W &l
and
wi(Wva() (017 (@2(1))7 =
where
—+-=1
P

Proof. To show the implication (i) = (i) suppose that (i) holds true and put
a:=(A), b:=u(B\A). Then, obviously,

O<a<l<a+b.

For all x1,x2 > 0, the function X := x; X4 +x2)(p\4 belongs to S.. Setting

X1 %A+ X278\ ATYBA X1,%2,01,02 >0,
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in inequality (2) we get, for all x1,x3,y1,2 > 0,
axiy +bxay2 < i (a1 (x1) + 591 (2)) ¥2 (a@2(1) +5@2(y2)) -
Replacing here x; by ¢! (xi), yi by @3 (i) for i = 1,2, we obtain
ag ! (x1) 03" (1) + b (x2)95 " (2) < i (a1 +bxa) ya(ays +by2)

for all xy,x2,y1,2 > 0.
From assumption (1) we have

we) o'
o)

‘whence

=1

W_ll('v) x L] (t), 5,0>0,

or'(s)  wal)
and, consequently,

i) <or' (900, sr>0.
This inequality and (4) imply that, for all x1,y1,%2,y2 > 0,
ayi (x1)y2 (1) + oY (x2) W2 (2) < w1 (a1 +bx2) ¥ (ay1 +5y2) -
Thus F : (0,e9)* — (—<°,0) defined by
F(xy) =-y®y0), xy>0,

has negative values and satisfies the inequality

F(ax; +bxa,ay; +by2) <aF(x,31) +bF(x2,32),  %1,%2,91,52 > 0.

By Lemma 2, the function F is positively homogeneous, i.e.

vi(E)yay) =mwi@w0),  Hxy>0.

Setting here y = 1 we obtain

2 i)
va(r) =2 (1)t Vi 0.
Since the right-hand side does not depend on x,
i) vi0)
Dr =)=,  xy>0,
e ey
whence
vl _ wb) e

vilx) v’

®)

@

®)

©)

@
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Setting here y = 1, we get

v _w(d)

= 5 x>0,
vilex) i)
which can be written in the form
nm _wn@ ne o

i) @) w@)’
This shows that the function k; : (0,0) — (0,0) defined by

is multiplicative, i.e.
ki (st) = ky(s)ki (2), 5,0>0.

In the same way we can show that the function

va(r)

ko(t) == W) >0,
is multiplicative. Since
i) =wyik),  w@)=vwk() >0, @®)
setting these functions into (7) gives
ki(ka(t) =1, t>0. )

From (4) and (5) we obtain, for all x1,x2,y1,2 >0,
ag ! (x1)g5 (1) + by (2) 07 (32) < 07! (@1 +bx2) 95 (ay1 + bya).
Thus the function F : (0,e)? — (—e2,0) defined by
Fry)==o7'(®es'0),  xy>0,

satisfies the assumptions of Lemma 2. Now, repeating the above reasoning, we can
show that there are some multiplicative functions /1,1 : (0,0) — (0,e°) such that

o' O=07' L0, 0 O =07'VRG), >0, (10)

and
h()h(r) =1, t>0. an

ki=k, l:=l. 12)
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From (9) and (11) we get

t s
kao(t) = W h(t) = W £>0. (13)
Making use of (5), (8) and (10), we get

t

VOV s <07 005 M), 5>0,

ki =
whence K9 ko)

s

T 0 a4
where

vi(1ye(1)
o' (e (1)
Inequality (14) implies that the function  is globally bounded. Since % is a multi-

plicative function, it must be constant and § = 1. Consequently,

(15)

1(t) = k(1), 1>0. (16)
From (4), taking into account (8), (10), (12), (13) and (16), we obtain

ay1 +byz

o7 (10057 0) (akon) g+ ) 25 ) < s w0 + i) 22

whence, taking into account (15), for all x1,x2,y1,y2 >0,

ay1+by,

b1
k()=
) k(ayi +by2)’

kGn) k(y )

By the multiplicativity of k we can write the last inequality in the form

ay1 +by,
k bysk <A 22 bxy),
ayy < )+ ¥2 ( ) Hittr) (ax) +bx2)

+bk(xa) 72 < dk(ax) + bro)

which means that

X xtx
k(=) +ya2k <d(y1+y2)k s X1,22,y1,¥2 > 0.
n <y‘> 2 ( ) (1 +2)) ( |+yz> 1,%2:Y1,Y2

Setting here x, =x; =y, = y2 = 1 we get 1 < d. On the other hand, setting s =1 in
(14) we get d < 1. Thus
d=1,

and, consequently,

X1 +x;
yxk( >+y2k( )g(ywyz)k(y:ﬂ;), x1,32,31,92 > 0.
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Putting here x) =1x, x; = (1 —1)y, y1:=t, y2
k(1) =1, we obtain

th(x)+ (1 —0k(y) <k(tx+(1-1)y), xy>0;t€(0,1).

Thus & is concave and, consequently, continuous. It follows that there is p >

that (cf. [2], p. 311)
k() =k(r) =17, t>0,

whence, by the first formula of (8),
vi() = w1, >0,

27

1 -1, and taking into account that

1 such

The concavity of  implies that p > 1. Since the roles of the functions y; and Y
are symmetric, we conclude that k»(r) = ¢'/9 for some g > 1 whence, by the second

formula of (8),
va(t) = wa(1)'/9, t>0.
From (9) we have
Ml
P 4
which implies that p > 1. Now from (10), (11), (12) and (16) we get
)=o), @) =e(1), £>0.
The equality d = 1 implies that

vi(Dya(1) (@1(1)77) (92(1)) /0 = 1.

This completes the proof of the implication (i) = (ii). Since the converse implication

s a consequence of Holder’s inequality, the proof is complete.

REMARK 2. Theorem 1 remains true if inequality (2) is assumed to hold for all

X,y from the two dimensional cone

S.(4,B) :={xita +x22pa €S:x1,x2 >0}

COROLLARY 1. Let (Q,Z,u) be a measure space with A,B € £ such that

0<pu(d)<l<u(B)<

andlet @,y : (0,59) — (0,e2) be bijective functions.
Then the following conditions are equivalent:
(i) the functions @ and v satisfy the inequality

/xydu<¢"(/ <poxdu)w"</ voydu), X,yeS,
o o) o)

(ii) there is a real p > 1 such that

o0 _,p ¥O) — sV,

o =" v 2

i
whereﬂ+q 1

an
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Proof. With @y := @, ¢ := ~1

(2). Since

L=y

Y=o inequality (17) becomes

v _e7'() o' _v'®

o)) 97T va(e)  wl()

condition (1) is satisfied with ¢ = 1.

=1, >0,

REMARK 3. This improves the main result of [5] where it is assumed that ¢(0) =
y(0)=0.
4. The converse of the accompanying Holder’s inequality

THEOREM 2. Let (Q,Z, 1) be a measure space such that there are two sets A,B €
I satisfying the condition

0<u(A) <1< pu(B)<ee.

Suppose that @1, @2, 1,2 - (0,) — (0,%) are bijective functions such that

st g Wiee(®) iy - (18)

v20 (1) ’

for some constant ¢ >0, and, for all t,B >0,
Jim v (an)ya(Br) =0. 19

Then the following conditions are equivalent:
(i) the functions @y, @2, Y, V> satisfy the inequality

/n XYdlt > Py, ()Ppua(y) forall x,y €Ss; ©0)
(it) there is areal p <1 such that

a0 _p, O _ Ly 00 g v2)

o) w() Te) 7 w() N

nv() (@ )7 (@017 =1,

where L+1=1.
Proof. To show the implication (i) = (if) we put @ := u(A), b:= u(B\A). Set-
ting
Xi=X12A +X22B\Ar Yi=y12a+Y2X8\Ar X1,%2,51,52 >0,
in (20) we get, forall x1,x2,y1,y2 > 0,

axiyr+bxy: 2 i (a1 (x1) + 501 (x2)) w2 (a2 (1) + ba(y2)) -
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Replacing here x; by ¢ (x), yi by @3 () for i =1,2, we obtain
ag ()95 (1) + 507 (1) 02) > i (ax +bx) e (an +by2), @D
for all x1,x2,y1,y2 > 0. From (18) we have

v | e5'0)
o7(s) ~ wld)

5 5t>0,

whence
v > o' o' 0),  st>0. 2
Tnequalities (21) and (22) imply that, for all x1,y1,%2,y2 >0,
ay(x) ¥ (1) + by () ¥2(2) 2 vi (@ +bw) ya (ay +by2)),  (23)
which proves that the function F : (0,9)> — (0,2) defined by
Flxy)=w@yl),  xy>0,
satisfies the inequality
F(ax) +bxy,ay +by2) S aF (x1,) +bF(x2,32),  *1:%2,31,2>0. 24
Taking into account (19) and Lemma 2, we infer that F is homogeneous, i.e.
Vi) =), Hxy>0.

Now, repeating the relevant part of the proof of Theorem 1, we can show that there are
multiplicative functions K,k : (0,e) — (0,2) such that

v =wnk), wO)=wlke) >0 (25)

and
ki(k(t)=t,  t>0. (26)

Inequalities (21) and (22) imply that the function F : (0,e)% — (0,c<) defined by
F(xy) =o' @e5'0),  xy>0,
satisfies inequality (24). Inequality (22) and condition (19) imply that
}iﬂF(mly):O. x,y>0.

By Remark 1, the function F s positively homogeneous. This allows us to conclude
that there are the multiplicative functions Iy, Iz : (0,e) — (0, such that

o' =070, o' =0r'(DR(), >0, @n
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and
W@ =1, 1>0. 28)
Setting
ki=k, l:=1 29
and arguing in the same way as in the proof of Theorem 1, we can show that
1(r) = k(r), >0, (30)
and
th(x)+(1—0)k() 2 dk(tx+(1-1)y), xy>0;1€(0,1),
where

=@
o' (Des' (1)
This implies that k is convex and, consequently, for some p < 1,
k() =k@t)=1"/?, t>0.
Similarly we have
k(@) =11, >0
for some g < 1. In view of (26),
1t
P4
which implies that p < 1. Now, from (25),
wO=wnOM?, wn=wpr >0

From (27), (28), (29) and (30) we get

=1,

)=o),  @)=e(1)?, >0
The equality d = 1 implies that
w®ya(1) (01 (1)77) (ea(1)) = 1.
This completes the proof of the implication (i) = (if). The converse implication is a
consequence of the accompanying Holder’s inequality.
5. Remarks on the basic assumptions
REMARK 4. To see that, in Theorem 1, condition (1) is essential, note that the

functions @y(1) =17, wi(r) =1"/P, @5(r) =19 and a non-power function y;(t) =
11941, where p> 1, 4+ = 1, satisfy inequality (2) and, as

vioet) _ ¢t 1

A2 =1

' T Al e
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condition (1) is not satisfied.

Moreover, taking p =g = 1 and (@,%, 1) such that Q@ = {1,2}, £=22 and p
such that u({0}) = £, u({1}) = 2, it casy to verify that inequality (2). This shows
that conditions (1) and the basic assumption on the measure space are independent.

The next two remarks show that the assumption of the underlying measure space
is indispensable. They can be treated as some generalizations of the Holder inequality.

REMARK 5. Suppose that (Q,Z, 1) is a measure space such that () <1 with
at least one set A € = such that 0 < u(A) < 1. Let c, B : (0,50) — (0,0) be bijective
increasing and such that the function of two variables

(s,) =o' (B (1)
is concave in (0,e9)? (cf. inequality (6) for b= 1 —a). Then (cf. [1], []),

30 <P By g, Y ES@ZH). @y

For arbitrary bijective increasing functions @1, ¢z, Wi, Y2 (0,%2) — (0,) such that

1

vil<a<o,  w'<B<e, (32)

we, obviously, have

Py o-1(X) < Pgyyy (), Pgp-1(y) SPpyn(y),  XYESQZ,u),
and, consequently, a generalized Holder inequality (2) is satisfied.

REMARK 6. Suppose that (Q,Z,u) is a measure space such that for every A €
=, either 4(4) = 0 or u(4) > 1. Let a,B : (0,59) — (0,%) be increasing bijective
functions and p,g >0, p~'+¢~' = 1, such that the functions

L0 B0

are nonincreasing. Then (cf. [5], Theorem 6 ) inequality (31) is satisfied. Let g1, @2,
Wi, W (0,59) — (0,e0) be arbitrary increasing bijections satisfying conditions (32).
Now, similarly as in the previous remark, we infer that (2) holds true.
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