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A pair of functional inequalities characterizing polynomials
and Bernoulli numbers

DOROTA KRASSOWSKA, TOMASZ MALOLEPSZY AND JANUSZ MATKOWSKI

Summary. We show that if a function f : R — R continuous at least at one point satisfies the
pair of functional inequalities

X
fata) < f@)+Y aged,
=

X
f@+b) < f@@) + ) Bjal,
=

and the constants a, b, s, 8; (i = 0,1,...., k) fulfil some general algebraic conditions, then f must
be a polynomial. An explicit formula for the solution, involving Bernoulli numbers, is given.
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1. Introduction

The celebrated results of Mazur-Orlicz (8] characterize polynomials of degree at
most k (in R"), under mild regularity conditions, with the aid of the functional
equation

Ano (A5f)(@)
for all A € R, where Aj, stands for the difference operator with the span h (cf.
also McKiernan [10], Hosszu (3], Djokovic (1], Székelyhidi [14] and Kuczma [7],
Chapter XV, § 9).

zeR", ()

It is natural to ask whether it is necessary to assume that (x) holds for all
h € R™, and if, under some conditions, equality can be replaced by inequality. One
could expect that the answer is positive because in this paper we show that every
polynomial f : R — R can be characterized by the system of only two functional
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inequalities
Auf(z) < P(x), Dpf(z) <Qz), z€R,

where the numbers a,b € R and the polynomials P,Q : R — R of degree at most
k satisfy some special conditions. More precisely, we show that the simultaneous
system of functional inequalities

k. k
f@+a) < f@)+Y o, flz+b) < f@)+) Bl (1)
=0 =0
where a,b, ag, 1. .., ak, B0, B1, ..., Bk are fixed real numbers, satisfying some al-

gebraic conditions, and f is a real function of a real variable allows to characterize
the polynomials of degree k + 1. Let us remark that in the case when f satisfies
the corresponding system of equations with ag = ay = -+ = ax = fo = 1 =
= Bi = 0 the problem was studied by Montel [11] and Popoviciu [12] (cf. also
Kifeais 6], p. 228).
In Section 2, assuming the continuity of the function f at least at one point,

the inequality
e (o _ B >
=D (a b),o

and some simple additional algebraic conditions only on a and b, we show that

Qk k41
aEk+)°
satisfies an system of i ities with some i of degree
k — 1, the coefficients of which are uniquely determined by a,b, ag,au, ..,k

BosBu,- - Be (Theorem 1). This reduction theorem implies that, under suitable
conditions, the function f : R — R, satisfying system (1) has to be a uniquely
determined polynomial of degree k + 1. Moreover, an application of Theorem 1 in
turn k-times, for k, k — 1, , allows to find the coefficients of this polynomial,
and to establish the explicit form of the solution of system (1). A serious incon-
venience of this method is the fact that the procedure requires rather complicated
calculations. However, it turned out to be very helpful in finding a direct formula
of the polynomial which is given in Section 3 (Theorem 2). It is a little surprising
that the coefficients of the solution depend on Bernoulli numbers.

. Reduction theorem and a ck ization of p

By Q we denote the set of rational numbers. Put No = NU {0}.
In the sequel we adopt the convention 374 a; = 0.
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Theorem 1. Let k € Ng and a,b,a0,01,. .., 0k, B0, 51, - -, B € R be fized and
such that

b ak B
a<0<b, Eg@, (-1)*( >>o

If a function f : R —> R continuous at least at one point satisfies the system
of functional incqualities

1'+a)<f(z)+Za,z~7 j'c+b)<f(z)+2/37 zeR, (1)

i=0

then 2 = % and the function g : R — R defined by
@) -

alk+
satisfies the system of inequalities

9@

k=1 k=1
ge+a)<g@)+Y ojal,  gl@+b) <gl@)+d Bl  weER,
= =0

()

Proof. Suppose that the function f : R —» R satisfies system (1).
Using an induction argument, we will show that f satisfies, for all m,n € N,
€ R, the inequalities

;
fe+ma) < @)+ (2 (% srama‘) o, @

3= 0

. ke (k1 ”
S (k+1>(1)“ A

LI o B TR
Ho+nb) < f@)+) (Z (’jf ) s,“mb’) i, ®
=\
where -
SP = it

(we adopt here the convention 3°)_

For m = 1 inequality (2) coincides with the first of the inequalities (1). Suppose
(2) holds true for an m € N. Applying in turn the first of inequalities (1), inequality
(2) for an m € N, a simple rule for double sums (Fubini’s theorem), and finally,
changing of the indices in the considered sums, we obtain

f@+ (m+1)a) = f((z +ma) +a)
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K
< flz+ma)+ Y aj(@+ma)
>

< fla)+

for all z € R. By induction, inequality (2) holds truc for all m € N.

Since the proof of inequality (3) is analogous, we omit it.

Now, replacing @ by  +ma in (3) and then applying in turn inequality (3),
inequality (2), Newton's binomial formula, changing the order of the sums and,
finally, introducing a suitable change of indices in the sums, we get

k—j

) (@ +may
k
@+ <Z = smma‘) o
==
k—j
( (”ZJ ) snaxﬂb’) (2 +ma)

&

2 i+ . i
= f(z) +FO (.:D ( : 4 ) ST a0 ) o7

f(z+ma+nb) = f((a+ma) +nb

)
kﬂ (: (*57) st
(

< fl@+ma)+y

=

M=

g

T
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5,
(HZ—J) St
0
=
+ Z( (%) Snﬂzﬂb') (}) onar~
=
that is, f satisfies the inequality

B k=j ;. ;
f(z+ma+nb) < f(z)+2( (“g’) SMazysat
i=0

i

- (E (1) ) () ) =

forallmneN, z€R.
Since (cf. for instance H. Rademacher [13], p. 4)

W :

o i+ 1) g pimil

=27 ’i+1z( i )BJ e
= =

AEM

@
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where

is the j-th Bernoulli number, S is a polynomial of (legree i+ 1 with respect to
m and the coefficient of the term m**! is equal to 7y

Let us note that, for a fixed « € R, the expressnon an the right-hand side of (4)
is a polynomial with respect to m and n and the sum of all summands of degree
k+1 (which is the highest one) is of the form

&
1 Kkl k k=i pik=in+l
ot +i§ p Hma bmk=in 6]

Since ab < 0 and & L ¢ Q, the Kronecker theorem implies that the set A =
{ma+nb: m,n€N}i is dense in R (cf. P. Halmos [2], p. 69, Theorem C, and [9]).
Thus there exist two sequences (m;) and (n,) of positive integers such that

Jim (mpa+ n.b) =
Note that

lim m, = lim n, = o0
r—oo rooo

(otherwise the number £ would be rational).

Obviously
i TR o
-
and, consequently,
= e b
lim % = -~
men, | a

Let 29 € R be a point of continuity of f. Put in (4) the numbers o, my, 7y
instead of @, m, n, respectively. Dividing both sides of the obtained inequality by
nk+1] then letting r — 0o, and taking into account (5), we obtain the inequality

1 T Y g G (=D
o O, k+1 [ 2 k k 1
0% (-1 (a) axa® + Bib ;(]) =y

i (k) (DA (=DF
NIy L k+1
(cf. Remark 1 below), we hence get the inequality

e (2-%),

Since
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which is just opposite to the assumed one. Thus we have shown that

& _ B
PN
From this equality we get
a :
gle+a)=fla+a) - a(k; e+ ot
k+1
a (S
</ +2a, k;”z( e
=, k=1
:/(zymwu e’ + aga®
k=1
. E+1\ kpag g
a(k+1)]=u< i )“ i (k+1)(k+1)”
k=1
a; k+1\ 4y
:g(’)*z(""’<k:1>< j )“k ])"J'
=0

whence, by the definition of o,

1
gz+a)<g@)+y ajal,  zeER.
=0
‘We omit the same proof of the remaining inequality.

Remark 1. Integration of both sides of the identity

k

@-vr=) (’”) U(-D,  keNteR,
=N

over the interval with endpoints 0 and z leads to the equality

@=1)F (1 ~E st e
F+1 k+1 ES S

Putting here z = 1 gives

() GV (1
;(J) J+1 T kEL

For a characterization of polynomials we shall need
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Lemna 1 ([5)). Let a,b, a0, fo € R be fized. Suppose that

b a _ fo

2 S50

a<0<b, JfQ =S

and the function f : R — R is continuous at least at one point.
If f satisfies the pair of functional incqualitics

fla+2)<f(@)+ao, flo+a)<f(@)+0o, z€R,

then &
f@)=pz+f(0), z€R,  where p::f.

Theorem 1 together with Lemma 1 suggests a procedure to find the explicit
form of the polynomial being the solution of the system (1). We illustrate the
results of this procedure in a few examples.

Let k € N and a,b,a0, 1, .., ak, 80, 1, - - -, B € R e fixed and such that

a<o<h LgQ ad (-1)*(’” ’6‘>>0

Suppose that the real function f is continuous at least at one point and satis-
fies (1).

Example 1. If k = 1 and

e _a
L R a1

>
e = ¢
then, for all z € R,
a0
f@) = ghat + —2 @+ £(0).
Example 2. If k = 2 and
a; —aza ﬁzb
. ©
00“‘%&+56‘L‘1>ﬁ0-‘%+&$—1 @

a
then, for all @ € R,

2
a a1 -aga 5 ao— %+ L
e L ol 1 sy

f@)= @+ £(0).
Example 3. If k = 3 and

azf%asa B2 — 38sb ﬁ:xb
a
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ay—asat daga? _ = b+ 46

a
aa | aza® Bib o Bab?
b i -y s
a = b .

then, for all z € R,

3, = aga? _ sy 4 aga®
o3 4, @—303a 5 a1—oa+E g Yo 4 o o
f(z)——~4ax T + 5% a = z+ f(0).

Proof for the case k = 2. According to Theorem 1, the function
9(@) = f(z) - ‘3‘—213, z€R,

satisfies the system of inequalities

9l +a) < 9(a) + (01 — ana)e +ap — 2=
Bab?

9(@+0) < g(@) + (B = Beb)z + fo — =5~

for all z € R. Since (6) holds true, we can again apply Theorem 1. Thus

h(z) = glo) - 22,

2a
satisfies, for all z € R, the system
2
h(z +a) sh(z)+ao—$+%
Bib b2
he+0) < h@) + o~ 204 ”ZT.

Now, the assumed inequality (7) and Lemma 1 imply that

2
ap — 48 4 220
he)=2" 2T § 5 4h(0), z€R,
whence, by the definition of h and g,
2
_02 3, m—02a , Qo— %t - R.
f(z)fsaz +72a z* + z + £(0), z€R.
Let us note that in Example 3, in the formula for f, unexpectedly, a3 does not
appear in the coefficient at z.
These examples had suggested that in the explicit form of the solution the
Bernoulli numbers might play a crucial role.

Remark 2. Applying Theorem 1 and the Montel’s result one can get another
argument for Lemma 1.
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3. The explicit form of the solution

Lemma 2. If k € N and a € R, then for each j =0,1,...,k—1,
® i\ (k+1
Bk kefio L NSp =
k(]) k+1z Q( i )

Proof. By the known equality for Bernoulli numbers (cf. [4], p. 282), we have

.
Z(’“:TI)B,:O, k21

=
Using this equality with k replaced by k — j, we obtain

k- ;
k41—

)3 (J’Z ’)B,:o. J=01,... k-1

=

Multiplying both sides of these equalities by (*}") we get

S )am
o\ NI

£ en

=

that is

whence, obvioualy,

Fa )4k

=1

which completes the proof.

Theorem 2. Let k € N and a,b,a9,a1,...,ax,00,01,..-,0c € R such that
a<0<b t¢Q be fiwed Suppose that a function f : R — R continuous at
least at one point satisfies the pair of functional inequalities (1). If

Shey Bimi(Joua™ Ty Bioy () B
(-1 3

>0, j=0,1,...,k (8)

then
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Proof. In view of Example 1, our theorem holds true for k = 1. For the inductive
argument assume that the result holds true for all positive integers less than k.
By Theorem 1 the function g(x) = f(z) — gkyz*+! satisfies the system of
inequalities

k1 =
gz+a)<g@)+Y a5, glz+b) gl +Z,@'17
=0 =0

for all z € R. By the inductive assumption we have
k=1k21 By (%)aid (o kA1) gk
B () (m;)“( ) )W”m)
J0) oy, L
al § (E BesQlet to A B () )*) 41 44(0)

a(j+1) a(j+1)

under the conditions
k=

o

|2

a

z B (j)B9 — z Bi () (1) 8
>0
2 >

for j=0,1,...,k—2, and
k+1 k+1
- (F11)s ﬁu—kﬂ( )b

a

(-

i.e. under the conditions
k=1
S By Qo - T BT

a

(G

5 B, ()T - Z Bisy () ()04
Z
z >

forj=0,1,....k— 1.
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From Lemma 2 we get

"ZlB« -5()aai 725 Biy () (1)t 2
o ity a(i+1)
for j=0,1,....k— 1. Because g(0) = (o), we hence obtain
k
glx) = ZZ a(7+ w‘+/(0)
=0 i=j

under the conditions

S B Qa3 B (Yo

e ST e s A
(=1) a 3 >0

under the conditions

i Bij(j)eua’™ Z By (j) 87
(-1y7 L= i MR ~ RO

for j =0,1,...,k— 1, which proves the desired inductive implication.

Remark 8. Let k € N be fixed and f : R — R be a polynomial of degree
k+ 1. Given a € R, a0, one can determine uniquely the system of numbers a;,
i=0,1,...,k+1, such that f is given by (9). Repeating this procedure for b € R,
such that a < 0 < b, & L ¢ Q, one can determine the numbers ;i =0,1,...,k+1,
such that the relevant formula (9) holds true. Since the suitable cccfﬁc:ents are
equal, it is obvious that relations (8) (being the equalities) for j = 0,1,....k+1
are satisfied. Thus every polynomial can be characterized by Theorem 2.

Remark 4. The assumption (8) is essential for the uniqueness of the solution of
system (1). To see this fact take k = 0, and observe that if % < 22, then the
function f := sin satisfies (1) for all a,b € R and aq, fo > 2.
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