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Abstract. Under some regularity assumptions imposed on the generators f, g,
we determine all the quasi-arithmetic means MU/}, Mls] and all real numbers A and p
such that AMU] + uM19] = A, where A is the arithmetic mean.

1. Introduction

This paper is concerned with a general question when a given quasi-
arithmetic mean is a linear combination of two other quasi-arithmetic
means.

In Section 2, ing some larity conditions of of the
means, we give only some necessary conditions.

The main result of the present paper is concerned with the case when
the given mean is the arithmetic one, denoted by A. In Section 3 we deter-
mine the forms of the generators f, g of the quasi-arithmetic means M,
M9l and the real constants A, u such that

AMYD 4 pale) = 4,

under the assumption that f and g are twice continuously differentiable.
In the proof, one-parameter sub-family {E,.1, : 7 € R} of STOLARSKY
means [11] occurs.

Mathematics Subject Classification: Primary 26E60; Secondary 39B12.
Key words and phrases: mean, quasi-arithmetic mean, Cauchy mean, functional equa-
tion.



456 D. Glazowska, W. Jarczyk and J. Matkowski

In the case A = p = } Sutd [12] already in 1914 treated this
equation assuming that f and g are analytic functions. It was rediscov-
ered by MATKOWSKI (9] where the solutions of the class C? were found.
This result has been considerably improved in the series of papers by
DARGCzY [2], DARGCZY-MAKSA [4], DARGCZY-MAKSA-PALES [5] and
DAROCZY-PALES [6].

The object of the present paper has appeared in connecnon with 2
problem by Z. DARGCzZY (3] to di ine the class of
means” which are quasi-arithmetic [7] where, uncxpectcdly, the mean
E_;, 3 appeared.

2. A general problem and some auxiliary results
Let I C R be an interval. A function M : I x I — I is called a mean
in I if
min(z,y) < M(z,y) < max(z,y). zyel

If M is a mean in I then M is reflesive, i.e.
M(z,z)=z, z€l,

and, obviously, for every subinterval J C I, we have M(J x J) =
A mean M : I? > I is said to be homogencous if

z,y,tz,ty € I = M(te,ty) = tM(z,y).

Let f : I — R be a continuous and strictly monotonic function. Recall
that a function M) : I x I — R, defined by

MW (z,y) = fL (f(z);rl(y)) )

z,y€l,
is a mean, and it is said to be quasi-arithmetic. The function f is called a
generator of the mean MUJ.

Remark 1. If a quasi-arithmetic mean is a linear combination of two
quasi-arithmetic means then this combination is actually an affine one.
Indeed, if f, g, h are i and strictly ic functions defined
on an interval I C R with a non-zero real and

M = AMUL 4 pplel
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with some A, 2 € R then, by the reflexivity of the means, we have

z = MW (z,2) = \MU)(z,2) + uMM)(2,2) = (A + p),
for every z € I and, consequently, A + p = 1.

Let us note the following (cf. J. AczEL and J. DHOMBRES [1], p. 246):

Lemma 1. Let f,g : I — R be continuous and strictly monotonic
functions. Then MUY! = M) ifand only if g = af + 8 for some a € R\{0}
and B € R

In particular, in the definition of the quasi-arithmetic mean, one can
always assume that its generator is strictly increasing.
Now we prove the following

Lemma 2. Let A € R be a fixed number, I a real non-trivial mterval

and let f.g,h: 1 = + R be twice differentiable strictly i
having and satisfying the equation
(1) AMY) 4 (1= Ao = p],

Then

A (MVe.y) (1@ 00 ' - O @9 @)')
= (=27 (MV@y) (@1 @) ) - £GP0 9 @)

for every z,y € I.

Proor. Differentiating both sides of equality (1) with respect to z
we obtain

@ @ W)
M) T T ey W )

for all z,y € I. Changing the roles of z and y we get

(2)

f'y) _ 9 R (y)
© e T V) ~ PO
for all z,y € I. It follows from (2) and (3) that
F il [!)—[ (7] 9'(x)-9'(w) 1 1):’!' )

e N
) ¢ (MBI )~ # (MPI,y)
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for all 2,y € I,x # y. Letting here y — o we obtain

Vil ¢'(@) _ (@)
A (z) 7@ @)’

and, consequently, there is a positive constant & such that

+(1-32 zel,

@ @) =k (z), sel
Hence, applying (2) and (3), for all ¢,y € I we get
f'(z)

f (MU(z,y))

f'(@g' (@)~ *
F(MP(z,9))*g'(MPI(z,y))T=>"

g'(z)
R )

and
f'(y) 9'(y)
A +(1-2)
7 (M(z,y)) ¢ (Mbl(z,y))
_ W' () >
TPz, y)Ag'(MPI(z, y))=>

Dividing these equalities by sides and making some simple calculations we
complete the proof.

3. Results

Let I be a real non-trivial interval. In this section we deal with equa-
tion (1) with h(z) = z, € I, that is we assume that M[* = A where

z+y

A(z,y) == zy€l,
is the arithmetic mean.

In what follows A is a fixed real number and f, g are continuous strictly
monotonic functions defined on a non-trivial real interval I. Consider the
equation

) AMUY 4 (1 - A Ml =

The main result reads as follows.
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Theorem. Assume that f,g: 1 — R are twice continuously differen-
tiable. Then equation (4) is satisfied if and only if one of the following
cases occurs:

1. there are a,c € R\{0} and b,d € R such that
f(z)=az+b, g(z)=cz+d, zel;
2. either A = 1 and
f(z) =az+b, z€l,
or A =0 and
g9(z) =cz+d, zel,
for some a,c € R\{0} and b,d € R;
A= 1 and there is a t € R\{0} such that

Ld

f(z) =ae® +b, g(z) =ce ™ +d, zel,

for some a,c € R\{0} and b,d € R;
either A = 2 and there is an zo € R\I such that

f(z) = a/|z —zo| +b, g(z) = clog|z — zo| +d, z€el,

or A = —1 and there is an zo € R\I such that

[

f(z) =aloglz —zo| +b, g(z) =cyz—zol +d, z€EI,
for some a,c € R\{0} and b,d € R.
In the proof we need some lemmas.
Lemma 3. Let A # 0,1. Assume that twice continuously differen-

tiable and strictly increasing functions f,g : I — R with non-vanishing
derivatives f', g’ satisfy equation (4). If f" does not vanish then

Tyl

MPha.y) = T syef ), 24y,

7«37 =gt
where

Fi=fo(f)7
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PROOF. Assume that f”(x) # 0,z € I. Then f’ is strictly monotonic.
By (4) we have
1 A
el O g oyrle)
1= )‘A 1= /\1\! MY,
Thus, applying Lemma 2 where X, f,g,h are replaced by 2%
respectively, we get

, __r @7 W= @ (@)
7 (Mm(r.y)) ST T —Fa e I, z#y,

whence
o (AU (1)1 n-1 __r zTy-y'z
7 (M@0 W) = 1
for z,y € f'(I), = # y, which gives the assertion. [m]

Remark 2. Note that the equality of the above lemma can be written
in the form

M a,y) = Brraa(z,y), wyef'U), c#y,

where E,, denotes the Stolarsky mean with s, € R (cf. [11]), which for
r#s,rs # 0, has the form

N
Er(z,y) = (;z,_y,) s Ty>0, z#y.
Recall that for every p€ R the function M, : (0,00)2 = (0,00) de-
fined by
zP + y") e
for 0
My (z.9) :={ ( 2 r#

VZTY forp=0

is a mean and it is called a power mean.

Lemma 4. Let p € R and r € R\{-1,0}. Then

(5) Errs1(2,y) = My)(z,y), .,y € (0,0), z#y,
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if and only if either (p,r) = (=1,-2) or (p,r) = (1,1) or (p,r) = (0, —

PROOF. At first assume (5) with p = 0. Then

141
rogtr—1
——, z€(0,00)\{1}.
T i (0,00)\{1}
Since <
+r
5 gt —1
im ——— =0
z=00 p3+T — g3
ifr < -} and
1.1+r_1
im ————| =00
smoo 7347 _ 53
in the case when r > —3, we have r = —}. Conversely, it is obvious that

E_; 1(z,9) = vVay = Myg(z,y), z,y € (0,00), z#y.
In the case when p # 0 the assertion follows from the identity
M) (2,y) = Ep2p(2,y), 2,y € (0,00), z#y,

and a result of PALES (10, Corollary] (in fact the last can be deduced from
[8, Theorem 4] by LEACH and SHOLANDER). The reader may also give a
self-contained proof using some standard considerations a little bit more
complicated than above. o

Lemma 5. Assume that f : I — R is continuously differentiable and
f' is strictly monotonic. Let F := f o (f)~*.
(i) If MIF] js the arithmetic mean then there is a t € R\{0} such that

f(z)=aet*+b, z€l,

with some a € R\{0} and b€ R.

(ii) If f'does not vanish and MIF] is the geometric mean then there
is an zo € R\{0} such that

f(z) =alog|z —zo| +b, z€l,

with some a € R\{0} and b € R.
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(iii) If f'does not vanish and MF] is the harmonic mean then there
is an zo € R\I such that

fl@z)=aV|z—zo| +b, z€I,
with some a € R\{0} and b€ R.

PROOF. (i) Assume that MF] is the arithmetic mean. In view of
Lemma 1 we have F(z) = az + B, z € f'(I), for some o € R\{0} and
B E€R, that is

fo(f) (@) =az+B, z€f(D),
or, equivalently,
fl@)=af'(2)+B, zel
Solving this differential equation we get the assertion.

(ii) Assume that f'(z) # 0, z € I, and M) is the geometric mean.
Lemma 1 now yields F(z) = alog|z| + 8, z € f'(I), for some a € R\{0}
and § € R. In other words

f(z) =calog|f'(z)|+8, ze€l.

Solving this differential equation we find a real value zo ¢ I such that

f(@) = —alog|Z=22| 48, zel

Putting a := —a and b := alog|a| + 8 we come to the desired form of f.
(iiii) Assume that f’ does not vanish and M!F) is the harmonic mean.

By Lemma 1 there are « € R\{0} and 8 € R such that F(z) = £ + 3,

zef/(I), e

f(z)= +8, zel.

@) (I)
Then

|f(z) - Bl = V2a(z — ), z€l,
with some 2z ¢ I and it is enough to take b := f, and either a := \/2]a|
or a := —/2|a| depending on whether f is greater or less than 3. o

PROOF of the Theorem. Assume that equation (4) is satisfied. By
virtue of Lemma 1 it is enough to consider the case when both f and g
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are strictly increasing. Observe that if A =0 or A = 1 then, by Lemma 1,
the forms f and g given in Case 2 are obvious. So in what follows we
assume that A # 0,1. In the case when f”(z) = 0, z € I, we infer that f
is affine and non-constant. Then, by (4), M9 is the arithmetic mean and,
as follows from Lemma 1, also g is affine and non-constant. Consequently,
Case 1 occurs.

Now assume that f” is non-zero at a point and let J C I be a non-
trivial interval such that f”(z) # 0 for z € J. If ¢"(z) = 0, z € J,
then g|; would be affine and non-constant and, by (4) and Lemma 1, so
would be f|; which is impossible. Thus g" is non-zero at a point of J and,
consequently, on a nontrivial subinterval of J. Then each of f’ and g,
being strictly monotonic on this subinterval, vanishes at most at one point
of it. Therefore replacing, if necessary, J by its non-trivial subinterval, we
may assume that f”, f’, g and g’ do not vanish on J and, in addition, J
is a maximal interval with this property contained in I.

Put F:= fo (')~ and r := 2. Of course r # 0,—1. Moreover,
since f is increasing and f' is non-zero on I, we have f'(J) C (0,00).
According to Lemma 3,

rooghtr o gier

©® MA@y =

’
i z,y € f'(J), z#y.

As the right-hand side of the above equality is a homogeneous mean, so is
MF)on f'(J) x f'(J). It follows (cf. [1; p. 249]) that

MFUz,y) = My(z.9), zye f(),
for some p € R and, consequently, (5) holds. In view of Lemma 4
1
either (p,r) = (-1,-2) or (p,7) = (1,1) or (p,7) = (0,—5).
Consider first the case p = —1 and r = —2. Then A = 2 and, by (6),
MIF] is the harmonic mean. On account of Lemma 5(iii) there is an
o € R\J such that
f(z) =aV|z —zo| +b, z€J,

for some a € R\{0} and b € R. Putting G := go (¢’)~*! and making use of
Lemma 3, where ), f, g are replaced by 1— ), g|7, f|s, we infer that M(C]
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is the geometric mean. According to Lemma 5(ii) there is an z; € R\J
such that

g(z) =cloglz —z1|+d, z€J,

for some ¢ € R\{0} and d € R. Inserting the above formulas for f and g
into (4) we conclude that z, = .

In the second case we have p=1and r = 1. Then A = § and, by (6),
MIF] is the arithmetic mean. Using Lemma 3 to g|; and f|; instead of
£ and g, respectively, we infer that also M%) is the arithmetic mean. By
Lemma 5(i) there are ¢, s € R\{0} such that

f(@)=ae® +b,  g(a)=ce+d, z€lJ,

with some a,c € R\{0} and b,d € R. Making use of (4) one can verify
that s = —t.
In the third case we have p = 0 and r = —}. Consequently A = —1
and, by (5),
MP(z,y) = V7, 2,y € (0,00).

By Lemma 5(ii) there is an g € R\J such that
f(z) =alog|z —zo| +b, z€J,

with some a € R\{0} and b € R. Applying Lemma 3 with 1 — X, g|; and
f|s and Lemma 5(iii) we find an z; € R\J such that

9(z) =cVlz —z1| +d, z€J,

with some ¢ € R\{0} and d € R. Inserting the above formulas for f and g
into (4) we conclude that z; = z.

If I\J # 0 then the maximality of J would imply the existence of a
point z € I'Ncl(J) such that at least one of the numbers f”(z), f'(z),
9"(z), ¢'(z) equals 0. This, however, is impossible as f and g of the forms
determined above do not have this property. Thus J = I and one of the
Cases 1-4 holds true. We omit a simple proof of the opposite implication.

a

Ift € Rand t <z [t > z] for every x € I we simply write ¢ < I [t > I].
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Let us introduce the following families of means. For every ¢ € R\{0}
put

tz | oty
St(x,y):=llog € el , z,yel
t 2
Givenat € R we let

2
Rf(z,y) :=t+ (—7“ lz_ll; Iy—tl)

and
Gi(z,y) =t+ (e =1y —1)

forz,y € I'ift <I, and

2
Aol e (an; \/Iy—il)
and
Gi(zy)=t—-(z-t)ly—1t)

forz,yelift>1I.
As a simple consequence of Theorem 1 we obtain the following
Corollary 1. Assume that f,g: I — R are twice continuously differ-

entiable. Then equation (4) is satisfied if and only if one of the following
cases occurs

1. MU = Ml = 4;
2a. A=1and MU} = 4;
2b. A =0 and MU} = 4;
. A=1 and there is a t € R\{0} such that MU} = S, and M9} = 5_,;
4a. A =2 and either MU/} = Rf" and M = G} with some t < I,
or MU = Ry and MU = G with some t > I;
4b. A = —1 and either M) = G} and M19) = R} with some t < I,
or MU = G7 and M9 = Ry with some t > I.

w
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Remark 3. For A = } equation (4) reduces to the functional equation
A (lel.Mlﬂ) =4,

which means that A is invariant with respect to the mapping (M1, M9)
(ct. [9]).

Let us also note the following

Corollary 2. Assume that f.g : I — R are twice continuously dif-
ferentiable and strictly monotonic in an interval I. Then the arithmetic
mean A is a convex combination of quasi-arithmetic means MUV and Mlsl,
ie. (4) holds true for some X € (0,1) if and only if one of the following
cases occurs

1. MUl = Ml = 4;
2. A=} and there is a t € R\{0} such that MU/} = S, and Ml = 5_,.
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